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1. INTRODUCTION 
Let X be a real Banazh space, A : X --* X* (the dual space of X)  be a monotone operator  and 
K C X be a closed convex subset. The "so-called" variat ional inequal ity problem is to find a 
Y0 • K such that  
(Ayo, x - Yo) >_ O, for all x • K.  (1.1) 
Concerning the existence problems of solutions for variat ional inequal ity (1.1) in finite or infi- 
nite dimensional  reflexive Banach spaces have been considered by many authors (for example,  
see [1-11]). The purpose of this paper is to study the existence problem of solutions for varia- 
t ional inequalit ies in nonreflexive Banach spaces further, and to obtain some results. In addit ion,  
the per turbat ion  problem for this kind of variat ional  inequalit ies is studied too. 
2. MAIN  RESULTS AND PROOFS 
In what  follows we always assume that  X is a real nonreflexive Banach space, and denote 
by "-~" the weak* convergence in X** (the dual space of X*). We recall that  an operator  
A : D(A)  C X** --~ X* is said to be hemicontinuous at x0 E D(A),  if for any y c X** and for 
any t • (0, +co)  with xo + ty • D(A),  when t --~ 0 +, we have (A(xo + ty), z) --* (Axo, z) for all 
z • X**, where D(A)  is the domain of A. 
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Let K be asubset  of X** and A : K -~ X* be an operator. Then A is said to be finite 
dimensional continuous; if for any finite dimensional space F of X** with KF := K M F # ¢, 
then A : F M K -~ X* is continuous in the norm topology. Moreover A is said to be monotone, 
if for any x, y E K,  we have (Tx  - Ty ,  x - y) >> O. 
In order to prove our main results, we first give the following result. 
LEMMA 2.1. Let A : K C X** --* X* be a hemicontinuous monotone operator, K be a convex 
subset, and xo be a given point in K .  Then 
(Axo, x - Xo) > O, for all x E K 
if and only f f  
(Ax,  x - Xo) > O, for a11 x E K.  
PROOF. Suppose that (Axo, x - xo) >_ 0 for all x E K. By the monotonicity of A, we have 
(Ax,  x - xo) >_ (Axo, x - Xo) >_ O, for all x E K. 
Conversely, if (Ax,  x -Xo)  >_ O, for all x E K,  then for any given z E K and any t E (0,1], 
taking x = xo + t(z  - xo) E K ,  we have 
(A(xo + t(z  - xo)), t (z  - Xo)) >_ O, 
(A(xo + t(z  - xo)), z - xo) >_ O. 
i.e., 
Letting t =-~ 0 +, and by using the hemicontinuity of A, we have 
(Ax0, z - x0) _> 0, for all z E K. 
This completes the proof. 
We are now in a position to give the main results of this paper. 
THEOREM 2.2. Let A : K c X** --~ X* be a monotone operator and K be a nonempty  bounded 
closed convex set. I f  A is finite dimensional continuous, then there exists an Xo E K such that 
(Axo, x - xo) >_ 0 for all x e K .  
PROOF. For each finite dimensional subspace F of X** with F M K = KF  ¢ ¢, we consider the 
following variational inequality: 
(Au, x - u) >_ 0, for all x E KF. (2.1) 
Since KF is a nonempty bounded closed convex set in F and A : KF --* X* is continuous, it 
follows from Hartman-Stampacchia [7] that (2.1) has a solution Uo E KF.  By Lemma 2.1 we have 
(Ax,  x - Uo) >_ O, for all x E KF.  (2.2) 
Letting 
5 r={FCX** :d im(F)  <+ccandFMK#¢}.  
For each F E ~', we define a set WF by 
WF = {x0 E K : (Ax,  x - xo) >_ O, for all x E KF} .  
By (2.2), we know that WE # ¢. Let W E be the weak* closure of WE in X**; then W~, c g 
(since K is weak* closed). 
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Now for any n elements F1, F2 , . . . ,  Fn E 9 v, letting F be the finite dimensional space spanned 
by U~=IFi, then F E 3 r, WE ~ ¢, and it is obvious that WE C WF~, i = 1,2, . . .  ,n. Therefore, 
we have 
n 
MwE  
i= l  
This implies that (W E : F E ~-) has the finite intersection property. However, since K is weak* 
compact, we know that (WF : F ~ 9 r} has the nonempty intersection property; i.e., 
FEF 
Taking xo E NF~ WE, then we have Xo E K. 
Next we prove that 
(Ax, x - xo) >_ O, for all x E K. (2.3) 
In fact, for any given x E K,  take F E .T" such that x E F. Since x0 E W E, there exists a net 
xj  E WE, j = 1, 2, . . .  such that xj -~ x0. By (2.2), we have 
(Ax, z -  x j )  > O, j = 1 ,2 , . . . .  
It  follows that (Ax,  x - Xo) >_ O. By the arbitrariness of x E K,  we know that (2.3) is true. In 
view of Lemma 2.1, we have 
(Axo, x - xo) >_ O, for all x E K. 
This completes the proof. 
Next, we consider the variational inequality (1.1), in which K is unbounded. We have the 
following result. 
THEOREM 2.3. Let A : K C X** -* X* be a monotone operator, K be an unbounded and weak* 
closed convex set and 0 E K .  I rA  is finite dimensional continuous and 
lira (Ax, x) > 0, 
~EK,  I[x[[---*+oo 
then there exists an xo E K such that 
(Ax0,x - x0) >_ 0, for all x E K. 
PROOF. Let B(0, r) be the closed ball in X** at center zero with radius r such that B(0, r) MK 
¢. 
Now we consider the following variational inequality problem: 
(Axr,  x - xr) >_ O, for all x E B(0, r) A K. (2.4) 
By Theorem 2.2, we know that (2.4) has a solution x~ E B(0, r) M K. By Lemma 2.1, we have 
(Ax,  x - x,.) >_ O, for all x E B(0, r) N K. (2.5) 
Letting x -- 0 in (2.4), we get 
(Axe, xr) <_ O. (2.6) 
Letting r --~ +oc, and by using the condition l imzEK, ii~ll_~+o~(Ax , X) > 0, from (2.6) we know 
that {xr} is bounded. Without loss of generality, we can assume that x~j -~ x0 E X** as 
rj -* +c~. It follows from (2.5) that 
(Ax, x - xo) >_ 0, for all x E K. 
Since A is finite dimensional continuous, it must be hemicontinuous. By Lemma 2.1 we have 
(Axo, x - xo) >_ O, for all x E K. 
This completes the proof. 
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THEOREM 2.4. 
for. I f  
(nx,  x) 
lim - +c~, 
then A(X**)  = X*.  
PaOOF. For any given p E X*, we define an operator AI  : X** --* X*  by 
Let A : D(A)  = X** --~ X* be a finite dimensional continuous monotone opera- 
(2.7) 
Alx  = Ax -p ,  for all x E X**. 
From (2.7) we have 
lim (A lx ,  x) > O. 
By Theorem 2.3, there exists an x0 E X** such that 
(2.s) 
(Ax0, x - x0) >_ 0, for all x E X**. 
This implies that  Alxo = 0, i.e., Axo = p, and hence A(X**)  = X*. 
This completes the proof. 
+oo EXAMPLE. Let ai(x) : l °° --* ]R be real functionals, i = 1 ,2 , . . .  with ~ i=1 [ai(x)] < +oo for all 
x E l ~ .  Let A : 1 °° --~ l 1 be an operator defined by 
Ax : (a l (x ) ,a2(x ) , . . . ) ,  for all x E 1 c°. 
If the following conditions are satisfied: 
(i) z_~i=l ~ *~ J - ai(Y))(~i - rli) > 0 for all x, y E l ~ ,  where x = (~i), y = (~,); 
+eo (ii) A is continuous (for example, if a~(.) is uniformly continuous or ~ i= l  la~(x)[ is locally 
bounded and ai(.) is continuous, then the continuity of A can be guaranteed); 
(iii) limsup{~,,i> 1}__.+ ~ E+~supa'(z)~']~l -- +oo, where x -- (~i); 
then A(l °°) = 11. 
PROOF. It is well known that 11 --= (co)* and (ll) * -- 1 °°. Hence A : (co)** --* (co)*. By 
assumption (i) we know that  A is monotone. By condition (ii), A is continuous. Therefore, the 
conclusion follows from Theorem 2.4 immediately. 
3. PERTURBATION PROBLEM 
FOR VARIATIONAL INEQUALITIES 
In this section, we consider the perturbation problem for variational inequalities; i.e., we con- 
sider the existence problem of solutions for the following variational inequality which is dependent 
on a parameter A: 
(A~x0, x - x0) _> 0, for all x E K~, 
where A~, and K~ are parametrized by A E A, where A C R r~ is a nonempty set. In the sequel, we 
denote by H(A,  B)  the Hausdorff metric between two nonempty bounded closed sets A and B. 
We have the following theorem. 
THEOREM 3.1. Let A C ~N be a nonempty subset, for any A E A, KA C X** be a nonempty  
bounded closed convex set and AA : KA -* X* be a monotone, finite dimensional continuous 
operator. Let A E A with A -* Ao E A. I f  the following conditions are satisfied: 
(i) lim~_~x o H(Kx ,  K~o) = O; 
(ii) i f  x~ E Kx and l im~_~ oxA = xo E Kx o; 
Variational Inequalities 33 
then 
Then 
(1) 
l im Aaxa = Aaoxa o. 
A---~Ao 
there exists a yA 6 K~ such that 
(A~y~,x -y~)>O,  fo ra l lxEK~,  AEA;  
(2) {y;~} has a subnet  which converges to Yo E K~ o in weak* topology and 
(A~oYO, x - Yo) >- O, for ali x E K.~ o. 
PROOF. By Theorem 2.2, there exists a y~ E K~ such that  
(A~ya,x -y~)>O,  for all x E K~, AEA.  (2.9) 
From Lemma 2.1 we have 
(A~x,x  - y~) > O, for all x E K~, A E A. (2.10) 
Since 
d(y~, K~ o) <_ H(K~,  K~ o) --+ O, as A -~ Ao, 
there exists a subnet {y~j} C {y~} such that  y~ --~ Y0 E K~ o in the weak* topology. 
Next we prove that  
(A~ o x, x -y0)  _> 0, for all x E K~ o • (2.11) 
In fact, for any given x E K~ o, since d(x,K;~) < H(K~o,K;~ ) --~ O, there exists an x~ E K~ such 
that  x~ --* x as A --~ A0. By (2.10) we have 
(A jx j, - y j) > O. 
Lett ing j --* +oo and by using the assumption (ii), we have 
(A~ox, x - yo) >- O. 
By the arbi trar iness of x 6 K~ o, we therefore have 
(A~ox, x - yo) >- O, for all x E K~ o. (2.12) 
Hence the conclusion of Theorem 3.1 follows from Lemma 2.1 immediately.  
REMARK. The version of variat ional  inequalit ies tated in Theorem 3.1 has been considered by 
Dafermos [3] in finite dimensional spaces under stronger monotone condit ions and some Lipschitz 
continuous conditions. 
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